Abstract. For a principal bundle over a non-simply connected oriented closed 5-manifold of certain type, we prove various homotopy decompositions of its gauge groups according to the spin and non-spin structure of the manifold. We also show periodicity results of the homotopy groups of gauge groups analogous to Bott periodicity. For bundles over general complex with topological groups as fibre, we study the rational homotopy theory of the associated gauge groups and obtain formulas for their rational homotopy groups and cohomology algebras.
Introduction
Let G be a topological group and P be a principal G-bundle over a space X. The gauge group of P , denoted by G(P ), is the group of G-equivariant automorphisms of P that fix X. The topology of gauge groups and their classifying spaces plays a crucial role in mathematical physics and geometry of manifolds and in particular 4-manifolds due to the famous work of Donaldson [10] . In a survey paper [7] of gauge theory in topology, Cohen and Milgram remarked that the main question in gauge theory, from an algebraic topological point of view, is to understand the homotopy type of the gauge groups and the moduli spaces of particular connections on P .
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In the new century, the topological aspects of gauge groups were largely investigated. In 2000, Crabb and Sutherland [8] showed that, though there may be infinitely many inequivalent principal G-bundles over X, their gauge groups have only finitely many distinct homotopy types. By using homotopy theoretic techniques, especially the estimation of orders of particular maps constructed from Samelson products, the classifications of homotopy types of gauge groups are studied over S 4 by Kono [25] , Hasui-Kishimoto-Kono-Sato [15] , Theriault [37] , etc, and also over general 4-manifolds by Theriault [36] and So [33] .
In the recent years, the five dimensional gauge theory, especially Yang-Mills theory, has attracted renewed attentions in mathematical physics (e.g., [20] , [31] , etc), while the study of geometry of 5-manifolds remains active, especially on the study of Sasaki-Einstein manifolds which is closely related to the 5D-gauge theory (e.g., [27] , [32] , etc). On the other hand, the topological especially the homotopy theoretical properties of gauge groups over 5-manifolds are rarely studied so far.
In this paper we consider the algebraic topology of the gauge groups over closed 5-manifolds. The goal is to produce homotopy decompositions of the gauge groups into simpler spaces, based on which we can study the homotopy theory of the gauge groups, in particular, compute their homotopy groups and cohomology groups.
In our paper, M will be a five dimensional oriented closed manifold (or even a Poincaré duality complex) with π 1 (M ) ∼ = Z/c (c = 0) and H 2 (M ; Z) is torsion free of rank m − 1, and G will be a simply connected compact simple Lie group with π 4 (G) = 0, while the triviality of π 4 is satisfied by the types of groups in the following list: SU (n + 1)(n ≥ 2), Spin(n)(n ≥ 6), G 2 , F 4 , E 6 , E 7 , E 8 .
It can be showed that the group of the isomorphism classes of principal G-bundles over M is isomorphic to (Lemma 2.1)
Hence we may also denote that the gauge group G(P ) of P with [P ] ∈ [M, BG] corresponding to k ∈ Z/c by G k (M ). By [13] or [2] , there is homotopy equivalence
between the classifying space of G k (M ) and the component of free mapping space Map(M, BG) corresponding to k by (1.1). Hence from now on we may not distinguish these two spaces since we only care about homotopy types. In order to decompose the gauge groups we need to decompose the suspensions of M according to the methods used in [36] and [33] , and then the following proposition serves as the starting point of our study: Proposition 1.1 (Proposition 3.1). Let Z be a connected CW-complex, and G be a connected topological group. Suppose there exists a CW-complex Y and a map φ : Y → Z such that Σ i+1 φ (i ≥ 0) admits a left homotopy inverse. Then
where X is the homotopy cofibre of φ, and there is a homotopy equivalence
On the contrast, the classification of non-simply connected 5-manifolds is impossible since it is harder than solving the word problem for groups. This reason justifies our choice of M , and to our knowledge the (even homotopy) classification of such M is unknown yet. However, thanks to Proposition 1.1 we can still study the homotopy theory of gauge groups in this situation since we only need homotopy information of certain folds of suspensions of M . This actually can be achieved for the most of the cases. Among other results we have the following decompositions of gauge groups based on various calculations on homotopy groups (especially homotopy groups with coefficients) and some techniques in manifold topology (especially Wu formula and secondary operations on manifolds): Theorem 1.3 (Theorem 5.12). Let M be a five dimensional oriented closed manifold with π 1 (M ) ∼ = Z/c (6 ∤ c) and H 2 (M ; Z) is torsion free of rank m − 1. Let G be a simply connected compact simple Lie group with π 4 (G) = 0. We have the following homotopy equivalences:
• if M is a spin manifold,
• if M is a non-spin manifold,
where k ∈ Z/c, and Ω n (X; c) = Map * 0 (P n (c), X) is the component of based mapping space from the Moore space P n (c) = S n−1 ∪ c e n with an attaching map of degree c.
Informally we may call the gauge group G k (M ) is Ω 2 -completely decomposable when M is spin or non-spin, since in either case the gauge group can be decomposed into a product of iterated loop spaces of G and some extra pieces which correspond to the only nontrivial primary cohomology operations on M (see the proof in Section 5.2 for details).
There is also another situation with weaker condition on c (i.e. on the fundamental group of M ) when we can get complete decomposition of looped gauge groups. For this purpose, we need some other condition to control the top attaching map of M , that is, we may suppose M is stably parallelizable, which means the tangent bundle of M is stably trivial (see Definition 6.3) . Under this assumption, we can show that the gauge group is Ω 3 -completely decomposable when c is odd.
Theorem 1.4 (Corollary 6.5). Let M be a five dimensional stably parallelizable oriented closed manifold with precisely one 5-dimensional cell, π 1 (M ) ∼ = Z/c (2 ∤ c) and H 2 (M ; Z) is torsion free of rank m − 1. Let G be a simply connected compact simple Lie group with π 4 (G) = 0. Then we have
where k ∈ Z/c.
In particular, we can use Theorem 1.3 and Theorem 1.4 to study the homotopy groups and (co)homology groups of the gauge groups based on our knowledge of these for Lie groups, especially on the torsion parts of homotopy and (co)homology. On the other hand, we can also obtain periodicity results for the homotopy groups of gauge groups derived from the classic Bott periodicity. Let us denote G k (G) = G k (M ) to emphasize the structure group in this situation. Further, there are natural inclusions G k (SU (n)) ֒→ G k (SU (n + 1)) and G k (Spin(n)) ֒→ G k (Spin(n + 1)), and we may denote
Theorem 1.5 (Section 7)
. Let M be a five dimensional oriented closed manifold with π 1 (M ) ∼ = Z/c (c = 0) and H 2 (M ; Z) is torsion free of rank m − 1. Then after localization away from c we have for any k ∈ Z/c
• when M is spin, or non-spin but with further localization away from 2,
• when M is spin and r ≥ 2,
• when M is non-spin with further localization away from 2, and r ≥ 2,
If we want to study the rational homotopy of the gauge groups, the methods here for proving the above theorems actually allow us to get better decompositions. Indeed, Félix and Oprea [12] proved that the rational homotopy type of gauge group of any principal bundle is the same as that of gauge group of trivial bundle over finite complex. Their proof is to use the rational homotopy of Lie groups. By contrast we focus on the rational homotopy type of the suspension of the base complex, and hence can generalize the result for complexes of finite type and general topological groups.
Before we state the theorem, let us remark a relation between gauge groups and connections on principal bundles over Riemannian manifolds [7, 35] . Indeed M be a closed oriented smooth Riemannian manifold and let P → M be a principal G-bundle with G a simply connected simple Lie group. Denote A(P ) to be the space of connections on P . Then there is a natural action of G(P ) on A(P ) by a standard pullback construction. This action is in general not free. However if we define the based gauge group G * (P ) to be the subgroup of G(P ) consisting of bundle automorphisms which pointwise fix the fibre over basepoint of M , then the induced action of G * (P ) on A(P ) is free, and there is a principle bundle
It is a universal bundle since A(P ) is affine and then contractible. In particular,
The moduli space B * (P ) plays a role in Donaldson's theory. 
Among others, from the theorem it is easy to check the following formulas for the rank of the homotopy groups of gauge groups (Corollary 8.6)
which generalize the corresponding results of Félix and Oprea [12] , and of Terzić [35] for simply connected closed 4-manifolds.
Return to the case when M is a closed oriented smooth Riemannian manifold and G is a simply connected simple Lie group. It is now easy to get the rational homotopy type of B * (P ) for any [P ] ∈ [M, BG]:
where b i is the i-th Betti number of M . From these results we can also easily cover other calculations of Terzić [35] in the rational homotopy of gauge groups and of moduli spaces of connections over 4-manifolds. Before we close the introduction, we make some comments on the types of our 5-manifolds. Indeed, there are canonical examples built from S 1 -bundles of simply connected 4-manifolds. Explicitly, let N be a simply connected oriented closed 4-manifold of rank m, i.e. the rank of H 2 (N ; Z) is m. We then can consider the S 1 -principal bundle
Since M is the sphere bundle of the associated R 2 -fibre bundle, it is a 5-dimensional closed manifold. Denote x = (a 1 , a 2 , . . . , a m ). If we call an element α ∈ ⊕
, then x = cα for some primitive element α. By the long exact sequence of the homotopy groups of fibration, we have π 1 (M ) ∼ = Z/c. Hence, M is of the type of 5-manifold under consideration. In particular, if x is primitive then M is simply connected, The (topological) classification of such M has only been done for the case when M is simply connected by Duan and Liang [9] , and when π 1 M ∼ = Z/2 by Hambleton and Su [14] . In general the homotopy classification of such M is even not understood yet.
Our paper is organized as follows. In Section 2, we classify principal bundles over our 5-manifolds M . In Section 3, we prove Proposition 1.1. In Section 4, we study the homotopy type of 2-fold suspensions of M when 2 ∤ c, and then show a preliminary homotopy decomposition of looped gauge groups. In Section 5, based on the calculation in Section 4, we study the homotopy type of 3-fold suspensions of M when 6 ∤ c, and then combine some arguments in manifold topology to show our first main result Theorem 1.3. In Section 6, we weaken the condition on c with the extra cost on the structure of M to show Theorem 1.4, and the arguments indeed valid for general Poincaré duality complex. In Section 8, we study the rational homotopy of gauge groups and moduli spaces of connections in general context. We show various formulas of homotopy and cohomology groups of these objects.
As we remark before in the whole paper we will denote the 0-component of loop space Ω i 0 Z just by Ω i Z for the reason of simplicity.
Principal bundles over five manifolds
In this section we introduce some basic facts of our 5-manifolds which are the basic objects in our study. In particular, we classify their G-principal bundles for certain types of G.
Suppose M is a five dimensional oriented closed manifold with π 1 (M ) ∼ = Z/c and H 2 (M ; Z) is torsion free of rank m − 1. By Poincaré duality and the universal coefficient theorem we have
Before we go further, let us make some comments on the cell structures of M . It is well known that closed topological manifolds of dimension other than four are homeomorphic to CW complexes [24] . Since we have to consider non-simply connected spaces here, the classical notion of skeleton of a CW -complex is not a homotopic functor, that is, we can not talk about the skeletons of non-simply connected spaces in homotopy category. However, since there is always a minimal cell structure for any simply connected CW -complex X (see Section 4.C of [16] ), we can define X i to be the i-th skeleton of any minimal cell model of X which as a functor is indeed homotopic (see Lemma 2.3 of [21] for details).
Lemma 2.1 (cf. Lemma 2.1 of [33] ). Let G be a simply connected compact simple Lie group with π 4 (G) = 0. Then
Proof. First let us choose any cellular model of M . Since
, and we also have the exact sequence
Hence the cellular chain complex of M/P 2 (c)
is isomorphic to the chain complex 
we have a digram of groups of homotopy classes 
where the row is exact and the 0 morphism is described by the structure of the cellular chain complex of M/P 2 (c). Since by assumption π 4 (G) = 0 we see that
Combining the earlier calculation of [M 4 , BG] we have proved the lemma.
Homotopy decomposition of looped gauge groups
In this section we develop a general homotopy decomposition of looped gauge groups, both which and its analogies will be used often in the rest of the paper. 
where X is the homotopy cofibre of φ, and there is a homotopy equivalence Proof. The proof is similar to that of Lemma 2.3 of [33] and of Proposition 3.1 of [19] . The homotopy cofibre sequence
gives the the following exact sequence
Since [Y, BG] = 0 by assumption we have q * is surjective. We then choose α ′ ∈ [X, BG] such that q * (α ′ ) = α. As in [19, 33, 36] , we have the following homotopy
where the rows and columns are homotopy fibre sequence, and the map ι is a right homotopy inverse. Hence, the fibre sequence in the second row splits and the lemma follows.
Homotopy decompositions of double-looped gauge groups over M
In this section, we first investigate the homotopy structure of Σ 3 M , then prove a homotopy decomposition of looped gauge groups when c is odd.
Form now on, for our five dimensional manifold M which is non-simply connected, we may denote the (i + t)-th skeleton of Σ t M (t ≥ 1) to be Σ t M i for simplicity of notation. 4.1. Suspension homotopy type of 5-manifolds. Let M be a five dimensional oriented closed manifold with π 1 (M ) ∼ = Z/c (c ≥ 3 an odd number) and H 2 (M ; Z) is torsion free of rank m−1. We want to study the homotopy type of ΣM 4 
such that H 3 (h) = 0 and P k (c) = S k−1 ∪ c e k with an attaching map of degree c. In order to study the homotopy type of ΣM 4 and its suspension, we need to calculate the possible homotopy classes of maps between Moore spaces. First, let us recall the following version of the Blakers-Massey theorem [4] :
where the second row is a cofibre sequence, F is the homotopy fibre of f , A is kconnected and i is m-connected (i.e., π * (i) is an isomorphism when * < m and an epimorphism when * = m), then the induced map g : A → F is (k + m)-connected, and we have a long exact sequence of homotopy groups
Now let us determine the homotopy groups π n (P n (c)).
Lemma 4.2. Let 2 ∤ c.
Proof. Let us first compute π n (P n (c)) and consider the cofibre sequence
which is a fibre sequence up to degree 2n − 3 by Lemma 4.1. Then since n ≥ 4 we have an exact sequence
is a torsion group without elements of order 2 since P n (c) is contractible after localization away from 2. Hence it has to be π n (P n (c)) = 0. It remains to prove π 3 (P 3 (c)) ∼ = Z/c. Consider the fibration
. This is the bottom stage of the Postnikov system of P 3 (c) and then F is 2-connected and
For the latter homology group, let us consider the primary case first, and we need some information of the homology of K(Z/c, 2) (e.g., see the proof of Theorem 11.7 of [30] ):
for p ≥ 3. Then by expecting the Serre spectral sequence of (4.2), we see that
For the general case, we know that P 3 (c) is a torsion space at prime factors of c. Hence we have π 3 (P 3 (c)) ∼ = Z/c.
In order to compute the groups of homotopy classes of maps from Moore spaces, we also need to apply the theory of homotopy groups with coefficients ( [6, 29, 30] ). The n-th homotopy group of a space X with coefficients in Z/c is defined to be
There is a universal coefficient theorem relating the homotopy groups with coefficients to the usual ones. ]). For a space X and n ≥ 2, there is a natural exact sequence
Now we use the above universal coefficient theorem to determine some homotopy groups with coefficients.
Proof. By Lemma 4.3, there is a short exact sequence
Proof. By Lemma 4.3, there is a natural exact sequence
When n = 3, π 4 (P 3 (c)) = 0 by Lemma 3.3 of [33] and π 3 (P 3 (c)) ∼ = Z/c by Lemma 4.2. Hence π 4 (P 3 (c); Z/c) ∼ = Z/c. When n = 4, by Lemma 4.1, the cofibre sequence
is a fibre sequence up to degree 5. Hence we have an exact sequence
Since π 5 (P 4 (c)) can only have odd torsions we see π 5 (P 4 (c)) = 0. Then
By the previous computations of homotopy groups, we see that ΣM 4 in general is not a bouquet of Moore spaces while Σ 2 M 4 indeed is, i.e.,
We now investigate the homotopy type of Σ 3 M and introduce the follow lemma analogous to Corollary 4.3 of [19] : Lemma 4.6 (cf. Lemma 4.1 and Corollary 4.3 of [19] and Lemma 2.5 of [33] ). Let X be a stable CW -complex with cell structure
i.e., the attaching map
where Z is the cofibre of the inclusion
With the above lemma, we can split off spheres from Σ 3 M . 
where Z is the cofibre of the composition
Proof. By (4.3), we have
Then in Σ 3 M the attaching map of the top cell Σf lies in
where the last two factors are stable homotopy groups and
Hence by Lemma 4.6 the lemma follows. 
Homotopy decompositions of Ω
where k ∈ Z/c and M ′ is the homotopy cofibre of some map φ :
Proof. Let us first specify the map in the statement of the theorem. Since π 1 (M ) ∼ = Z/c, the inclusion of the first skeleton S 1 ֒→ M can be extended to a map from P 2 (c) and we have the cofibre sequence
Then K is simply connected and by calculating the homology it is easy to see that
Also by expecting the universal covering of M , we see
2 ) by expecting the cellular chain complex of K (2.1). Hence there is a map ψ : 
The theorem then follows.
Further decomposition of double-looped gauge groups when 6 ∤ c
In this section, suppose M as before is a five dimensional closed manifold with H 2 (M ; Z) is torsion free of rank m − 1 but π 1 (M ) ∼ = Z/c (6 ∤ c). In this case we will develop further homotopy decomposition of Ω 2 G k (M ). For that purpose, we need to study the top attaching map of Σ 3 M .
5.1.
The homotopy aspect of Σ 3 M when 6 ∤ c. Recall that in Section 4.1, we have proved that (4.3)
In order to determine the top attaching map, we need to calculate some homotopy groups and related suspension images. The follow lemma shows that the component of the top attaching map of Σ 3 M on P 5 (c) is trivial when 6 ∤ c, and this is important information for us to decompose the gauge groups further.
Lemma 5.1. If 2 ∤ c, then
and the image of the suspension homomorphism
is Z/(3, c). In particular, Im(Σ) = 0 when 6 ∤ c.
Proof. We will obtain the lemma once we prove Lemma 5.4, Lemma 5.5 and Lemma 5.6.
Let us first recall some useful lemmas.
Lemma 5.2. Let F n+1 {c} be the homotopy fibre of the pinch map P n+1 (c) → S n+1 (n ≥ 2). Then there is a principal fibre sequence
and the reduced homologȳ
is the homotopy cofibre of ctimes of the Whitehead product cω n : S 2n−1 → S n . In particular, when c = 2
Proof. The module structure of the homology of F n+1 {c} is proved in Proposition 8.1 and Corollary 8.2 of [6] , and the proof of the remaining part of the lemma is the same as that of Proposition 4.15 of [40] once we replace P n+1 (2) by P n+1 (c) there.
The following version of EHP -sequence is a consequence of the Blakers-Massey theorem (Lemma 4.1):
Lemma 5.3 (Theorem 12.2.2 of [39]).
Let W be an (n − 1)-connected space. There is a long exact sequence
With these computational tools, we can now prove Lemma 5.4, Lemma 5.5 and Lemma 5.6 successively. Proof. By Lemma 5.2 we have sk 8 F 4 {c} ≃ S 3 ∪ cω3 e 6 . However ω 3 ∈ π 5 (S 3 ) is 0 since S 3 is a Lie group and in particular an H-space. Hence F 4 {c} ≃ S 3 ∨ S 6 and we have a homotopy commutative diagram
where the second row is a homotopy fibre sequence up to degree 7. Then we have a commutative diagram of homotopy groups
where the second row is exact, c * = c for S 3 is a group, and we only need to consider the localization of the digram away from 2 since P 4 (c) is contractible after localization at 2. Under this context we have [38] 
and E is an injection. It follows that the image of s 4 * on Z/3-summand is Z/(3, c).
For the free part, notice that by Lemma 5.2 H * (s 4 * ) is an H * (ΩS 4 )-module homomorphism. In particular,
is a degree c morphism. Hence, by Hurewicz theorem s 4 * on Z is a morphism of degree c. Combining the two parts we see that π 6 (P 4 (c)) ∼ = Z/c ⊕ Z/(3, c) by the exactness of the second row of the diagram. 
where the second row is exact and
sending ν 4 to ν 5 and Eν ′ to 2ν 5 . Hence by the Hopf invariant one [1] and Eω 4 = 0 it is easy to see ω = 2ν 4 − Eν ′ . Now let us localize everything away from 2. We then get ω = ν 4 − Eν ′ ∈ Z ⊕ Z/3. Hence by the above diagram we get π 7 (S 4 ∪ cω4 e 8 ) ∼ = Z/c ⊕ Z/3. Now we turn to study the follwoing homotopy commutative diagram
where the second row is a homotopy fibre sequence up to degree 10. We then get a commutative diagram of homotopy groups localized away from 2 
is Z/(3, c).
Proof. Applying Lemma 5.3 we get an exact sequence
where π 5 (P 4 (c)) = 0 by the proof of Lemma 4.5. On the other hand, we have homotopy decomposition (see Proposition 6.2.2 of [29] )
Hence,
By Lemma 5.4 and Lemma 5.5,
Hence when 3 ∤ c the homomorphism H has to be an isomorphism and then E is trivial.
For the remaining case when 3 | c, by checking the proof of Lemma 5.4 and Lemma 5.5 we notice that the Z/3-summands of π 6 (P 4 (c)) and π 7 (P 5 (c)) both come from the homotopy groups of sphere, i.e., we have a commutative diagram
Since H is an epimorphism, the Z/c-summand of π 7 (P 5 (c)) is not in the image of E. Hence Im(E) ∼ = Z/3 and we complete the proof.
Based on the computations, we can now split off Moore spaces from Σ 3 M . 
where Z ′ is the cofibre of the composition
Proof. The proof is similar to that of Proposition 4.7. By (4.3), we have
Then the lemma follows from Lemma 4.6 and Lemma 5.1 and Lemma 4.2.
Homotopy decompositions of Ω
We are now going to produce the homotopy decompositions of looped gauge groups by repeated application of Proposition 3.1. As the definition of homotopy groups with coefficients, let us define Ω n (X; c) = Map * 0 (P n (c), X).
Let M be a five dimensional oriented closed manifold with π 1 (M ) ∼ = Z/c (6 ∤ c) and H 2 (M ; Z) is torsion free of rank m − 1. Let G be a simply connected compact simple Lie group with π 4 (G) = 0.
Lemma 5.8. We have the homotopy equivalence
where k ∈ Z/c and M ′′ is the homotopy cofibre of the map ψ : Proof. We have constructed ψ : Lemma 5.9. Let M ′′ be the complex in Lemma 5.8. We have homotopy decompositions of gauge groups
where k ∈ Z/c and L is the homotopy cofibre of the map ψ ′ :
(constructed in the proof ).
Proof. By Lemma 5.8, we know M ′′ is simply connected and its homology satisfies
Hence the fourth skeleton M ′′ 4 of M ′′ is determined by the cofibre sequence
where
S 3 where C(−) is denoted to be the cone of space, and define ψ ′ as the composition
Further since π 4 (S 3 ; Z/c) = 0 by Lemma 4.4, ΣM ′′ 4 splits as
and ΣM
Then by Lemma 4.6 we see that
which implies Σψ ′ admits a left homotopy inverse. Since [
, we apply Proposition 3.1 to prove the lemma.
Lemma 5.10. Let L be the complex in Lemma 5.9. We have homotopy decompositions of gauge groups
where k ∈ Z/c and the complex T satisfies and is characterized by
Proof. By Lemma 5.9,
Since π n (P n (c)) = 0 by Lemma 4.2, we have
and a homotopy commutative diagram of cofibre sequences
can be desuspended to be (S 3 ∨ S 2 ) ∪ α e 5 with the attaching map α = (aη 3 , bη T as column vector. we can constructed a homotopy commutative diagram (page 97 of [17] )
In particular, we see the homotopy types of T can only be of three types:
We then form the commutative diagram as in the proof of Proposition 3.
and similarly the lemma follows.
So far by Lemma 5.8, Lemma 5.9 and Lemma 5.10, we notice that we have reduced the looped gauge group Ω 2 G k (M ) to that of Moore spaces Ω 2 G k (P 4 (c)) and various mapping spaces including the mapping space Map * 0 (T, G). As specified in Lemma 5.10, the homotopy type of T has only 3 possibilities. However, using the manifold structure of M we can show that one of the candidates
is impossible to be our T .
Lemma 5.11. Let T be the complex in Lemma 5.10 constructed through Lemma 5.8, Lemma 5.9 and Lemma 5.10 from the 5-dimensional closed manifold M . Then
Proof. The proof is similar to and based on that of an example of Gitler and Stasheff (see also page 32 of [26] ), which shows that a four cell 5-dimensional Poincaré duality complex is not homotopy equivalent to a manifold. Roughly speaking, they constructed a four-cell Poincaré duality complex
where f is the sum of the Whitehead product [ι 3 , ι 2 ] and the map ι 2 • η 2 . Their proof, under the observation of the triviality of Stiefel-Whitney classes of C, is then based on Atiyah duality and the fact that the secondary operation detecting η 2 is trivial on the bottom dimension of H * (M Spin; Z/2), while it is non-trivial on the Thom spectrum associated to the (spin) stable normal bundle of the constructed example (see also page 95 of [17] for the detail of this operation).
Return to our situation. Suppose T ≃ S 3 ∨ S 2 ∪ η 2 e 5 . Then on our manifold M the Steenrod operations are trivial by Proposition 5.7, which implies that the Stiefel-Whitney classes of M vanish by the Wu formula ( [41] , Page 132 of [28] ). Then by using the similar proof as sketched above we can show that there are no secondary operations in H * (M ; Z/2) detecting η 2 . By our procedure to produce the complex T we see this also holds for T and we get a contradiction. Hence the lemma follows. Now by combining all of the results above, we can show our main theorem in this section.
Theorem 5.12. Let M be a five dimensional oriented closed manifold with π 1 (M ) ∼ = Z/c (6 ∤ c) and H 2 (M ; Z) is torsion free of rank m − 1. Let G be a simply connected compact simple Lie group with π 4 (G) = 0. We have the following homotopy equivalences:
Proof. Combining Lemma 5.8, Lemma 5.9, Lemma 5.10 and Lemma 5.11, we see that Ω 2 G k (M ) decomposes into the indicated forms according to the two homotopy types of T in Lemma 5.10. By simple calculation using the Wu formula, we see that the non-triviality of the second Stiefel-Whitney class ω 2 is equivalent to the existence of a non-trivial Sq 2 -action on M . Hence the two decompositions indeed correspond to the possible spin and non-spin structure of M respectively.
The case when M is stably parallelizable
As we may notice many results in the previous sections also valid for general complexes with described cohomology groups. In this section, let us start within a little more general context. Let M be a five dimensional Poincaré duality space with π 1 (M ) ∼ = Z/c (c ≥ 3 an odd number) and H 2 (M ; Z) is torsion free of rank m − 1. Recall that for any Poincaré duality space X there is a stably unique Spivak normal fibration ξ [5, 34] which is a spherical fibration ξ → X such that the Thom complex X ξ of ξ admits a map 
On the other hand, in Lemma 3.8 of [23] it was proved that the attaching map for the top cell of any Poincaré duality complex with single top cell is stably null homotopic if and only if its Spivak normal fibration is trivial. In particular f is stably trivial and the lemma then follows by Freudenthal suspension theorem.
Based on the nice stably splittable structure of M , we can produce a complete homotopy decomposition of looped gauge groups in this situation. 
Proof. The proof is similar to that of Theorem 5.12, and since we have proved that Σ 4 M is completely decomposable by Lemma 6.1 we need to apply Proposition 3.1 for i = 3 and several choices of X. Indeed we have the cofibre sequences
compact simple Lie group with π 4 (G) = 0. Then after localization away from c we have the homotopy equivalences:
Proof. Recall in Section 4.1 we have the homotopy cofibre sequence (4.1)
such that H 3 (h) = 0. After localization from c we see that P n (c) is contractible and
Then by Lemma 4.6, we have the homotopy equivalence
where T ≃ (S 3 ∨ S 2 ) ∪ e 5 as in Lemma 5.10. Then by similar argument there and in Lemma 5.11 and Theorem 5.12 we can prove this theorem (we also use the fact that G splits off the gauge group of any trivial principal bundle).
We want use Theorem 7.1 to study the periodicity phenomena in the homotopy groups of gauge groups for G = SU (n) and Spin(n). Let us denote G k (G) = G k (M ) to emphasize the group G in these two cases. Recall the Bott periodicity showed in the following table: Table 1 . π r (SU (n)) (2n ≥ r + 1) and π r (Spin(n)) (n ≥ r + 2 ≥ 4)
Then it is easy to show that either for spin manifold M after localization away from c or for non-spin manifold M after localization away from 2c
for any n ≥ r 2 + 3. Similarly, for G = Spin(n) we need to consider two cases. When M is spin, we have Table 2 after localization away from c: Table 2 . π r (G k (Spin(n))) (n ≥ r + 7 ≥ 9) when M is spin
On the other hand, when M is a non-spin manifold, we can take localization of M away from 2c and get Table 3 . Table 3 . π r (G k (Spin(n))) (n ≥ r + 7 ≥ 9) localized away from 2c
Rational homotopy theory of gauge groups
Let X be a connected CW -complex of finite type such that X is rationally simply connected. Denote the Hilbert series of X by
is the i-th Betti number. Since rationally ΣX is a wedge of spheres (see Theorem 24.5 of [11] ), we see that
For any principal bundle G → P → X classified by α ∈ [X, BG], as we use G α (X) to denote G(P ), let us denote G * α (X) to be the based gauge groups G * (P ).
Theorem 8.1 (cf. Theorem 2.3 of [12] ). Let X be a connected CW -complex of finite type such that X is rationally simply connected and G be any connected topological group with homotopy type of a CW -complex of finite type. There are rational homotopy equivalences for any α ∈ [X, BG]
with the convention Ω 0 G = G and
Proof. First by Atiyah-Bott [2] , G * α (X) ≃ Map * 0 (ΣX, BG). Hence it is easy to see rationally
For the remaining part G α (X), the basic idea of the proof is similar to that of Theorem 5.12 and Theorem 6.2, i.e., to apply the rational version of Proposition 3.1 (for i = 1) inductively. At each stage we choose a inclusion Y (k) = S n → X (k)
for some bottom cell of X (k) , and Y (k−1) → X (k−1) → X (k) is a cofibre sequence with X (1) = X.
(To apply the induction, we only need to notice that the condition [Y, BG] = 0 is not necessary here (which is only for tracing the components in the proof of Proposition 3.1), since here Y is always a suspension and the components of Map * 0 (Y, BG) are homotopy equivalent to each other.) In particular, for each k we get
where X k is a space constructed by the inductive procedure. Then we have two maps
such that r • i ≃ id. Then the natural extension of topological groups 1 → G * α (X) → G α (X) → G → 1 splits rationally (as spaces), and we have completed the proof of the theorem.
Remark 8.2.
• We should notice that in the homotopy decompositions of G α (X) and G * α (X) in Theorem 8.1 and its proof, Ω i G will be contractible if G is with finite dimensional rational homology and i is large enough.
• Theorem 8.1 generalizes Theorem 2.3 of [12] , which is proved for finite bases and Lie groups.
Suppose P is a principal G-bundle classifying by α ∈ [X = M, BG], where M is a closed oriented smooth Riemannian n-manifold. Let A(P ) be the space of connections on P . Then A(P ) admits a G(P )-action by a standard pullback construction. However the action is not free in general. On the contrast, the based gauge group G * (P ) acts freely on the spaces of connections A(P ) (e.g., see Section 1 of [7] ) and there is a principle bundle G * (P ) → A(P ) → B * (P ) = A(P )/G * (P ), which is indeed universal since A(P ) is affine and then contractible. In particular, B * (P ) ≃ BG * (P ).
Now by Theorem 8.1 it is easy to determine the rational homotopy type of B * (P ). We may also denote B * α (M ) = B * (P ). Proof. The corollary follows easily by applying Proposition 15.15 of [11] and the fact that H-spaces are formal and then are products of Eilenberg-MacLane spaces rationally (also see the argument right after the corollary).
where µ i,k is of degree 2n i − 2k + 1 and ν i,k is of degree 2n i − 2k. Similarly, the cohomology ring of the orbit space of the space of connections is
, where x i,k is of degree 2n i − 2k + 1 and y i,k is of degree 2n i − 2k + 2.
• As in [12] , it is now easy to get the formulas for the rank of the homotopy groups, and in particular cover Terzić Formula (Proposition 1 and 2 of [35] ) for simply connected closed 4-manifolds. b r · rank(π q+r (G)).
In particular, if M is a five dimensional oriented closed manifold with π 1 (M ) ∼ = Z/c and H 2 (M ; Z) is torsion free of rank m − 1, and G is a simply connected compact simple Lie group with π 4 (G) = 0, then we have rank(π q (G k (M ))) = rank(π q (G))+rank(π q+5 (G))+(m−1)(rank(π q+2 (G))+rank(π q+3 (G))), rank(π q (G k (M ))) = rank(π q+5 (G)) + (m − 1)(rank(π q+2 (G)) + rank(π q+3 (G))).
